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We explore the electromagnetic field coupled to a mechanical resonator via quadratic optome-
chanical interaction in the reversed dissipation regime where the mechanical damping rate is much
larger than the cavity field dissipation rate. It is shown that in this regime, the cavity field effectively
acquires an additional reservoir which is conditioned by the temperature of the mechanical bath as
well as the mechanical damping rate. We analytically find the steady-state mean photon number
and the critical temperature of the mechanical oscillator to cool or heat the coupled electromag-
netic field. We also show that in the case of quadratic coupling, the temperature of the mechanical
oscillator can be estimated in the quantum regime by observing the noise spectrum of the cavity
field.
I. INTRODUCTION
Engineering a quantum mechanical system, for which
the interaction between light and the motional degrees
of freedom of a mechanical oscillator can be extensively
controlled, is the objective of the fast developing research
field of cavity optomechanics [1–3]. Various types of cav-
ity optomechanical devices have been developed to take
advantage of this interaction for applications in preci-
sion measurement of mechanical motion [4, 5], explo-
ration of macroscopic objects in the quantum regime [6],
and fundamental platform research of hybrid quantum
systems [7, 8]. Recently, rapid advancements in fabrica-
tion methods for various mechanical elements have led to
the development of high quality factor micro- and nano-
scaled devices for a broad range of parameters [1, 2].
With these on-chip devices, it is now possible to cool a
mechanical oscillator to its motional ground state [9, 10],
exhibit optomechanically induced transparency [11, 12],
coherently couple optical and mechanical modes [13], pro-
duce entanglement between optical and mechanical res-
onators [14], optically mediate interaction between me-
chanical oscillators [15, 16], generate squeezed light [17–
19], and perform precision measurement of the mechani-
cal motion near the standard quantum limit [5].
Various new phenomena observed in quantum optome-
chanical systems are being evaluated from the point of
view of reservoir engineering [20–22]. Most optomechan-
ical experiments to date are in the so-called normal dis-
sipation regime where the optical energy dissipation rate
is much larger than the mechanical energy decay rate. In
this regime, the mechanical oscillator is effectively cou-
pled to the optical reservoir via optomechanical interac-
tion. The coupling strength and the effective tempera-
ture of the optical reservoir seen by the mechanics can be
engineered by controlling the optomechanical interaction.
More recently, the notion of a reversed dissipation regime
∗ hseok@kongju.ac.kr
has been introduced, which refers to a regime where the
mechanical energy dissipation rate is much larger than
that of the cavity field energy [23]. Particularly, me-
chanical reservoir engineering in this regime via linear
optomechanical coupling has been demonstrated show-
ing its ability to tailor microwave fields for cooling or
amplification [24].
In this paper, we theoretically analyze an optome-
chanical system in which an electromagnetic field and a
mechanical oscillator are coupled via quadratic interac-
tion [25–27]. In particular, a single-mode of the mechan-
ical oscillator is quadratically coupled to a single-mode
cavity field in the reversed dissipation regime. This re-
sults in an additional effective reservoir for the cavity
field after adiabatic elimination of the mechanics. Cal-
culations show that the coupling strength between the
cavity field and the effective reservoir is dependent on
the temperature of the mechanics. An analytic solution
for the critical temperature of the mechanical oscillator is
presented indicating the threshold temperature for which
the electromagnetic field is cooled. Linear and quadratic
interactions in optomechanical systems, which produce
distinct cavity field noise spectra, are comparatively in-
vestigated.
The remainder of this paper is organized as follows:
The model system is described in Sec. II and the effec-
tive master equation for the cavity field is derived in the
reversed dissipation regime in Sec. III. In Sec. IV, we dis-
cuss the broadening of the linewidth for the cavity field
and analytically find the steady-state mean photon num-
ber of the cavity field for both linear and quadratic op-
tomechanical systems. Finally, Sec. V gives our summary
and conclusions.
II. MODEL SYSTEM
We consider an optomechanical system in which the
single mode of a mechanical resonator of effective mass
m and frequency ωm is quadratically coupled to a single-
2mode cavity field of frequency ωc, inside an optical res-
onator driven by a monochromatic field of frequency ωL
at pumping rate η. In the frame of the pump frequency
for the cavity field, the system Hamiltonian describing
the optomechanical system is given by
Hˆsys = −~∆caˆ
†aˆ+ i~(ηaˆ† − η∗aˆ)
+~ωmbˆ
†bˆ+ ~g
(2)
0 aˆ
†aˆ(bˆ+ bˆ†)2, (1)
where the first two terms describe the driven single-mode
optical field, the third term describes the Hamiltonian for
the free mechanical mode, and the last term depicts the
quadratic optomechanical interaction. Here, ∆c = ωL −
ωc is the pump detuning from the cavity resonance, g
(2)
0
is the quadratic single-photon optomechanical coupling
coefficient, and aˆ (bˆ) is the annihilation operator for the
optical (mechanical) resonator.
In order to properly describe an open optomechani-
cal system in the quantum regime, the interaction be-
tween the optomechanical system and a coupled reservoir
should be taken into account. This additional interaction
with a reservoir accounts for photon loss and mechanical
thermal fluctuations in the weak coupling regime. In the
Schro¨dinger picture, the dynamics of the open optome-
chanical system can be described by the master equa-
tion [28]
dρ˜
dt
= (Lsys + Lo + Lm)ρ˜, (2)
where ρ˜ is the density operator for the optomechanical
system, the unitary evolution of the system is governed
by the Liouvillian superoperator
Lsys = −
i
~
[Hˆsys, · ] (3)
and the incoherent evolutions for the optical and me-
chanical fields are described by the sum of the standard
Lindblad superoperators
Lo =
κ
2
(n¯o + 1){2(aˆ · aˆ
†)− (aˆ†aˆ·)− (·aˆ†aˆ)}
+
κ
2
n¯o{2(aˆ
† · aˆ)− (aˆaˆ†·)− (·aˆaˆ†)}, (4)
Lm =
γ
2
(n¯m + 1){2(bˆ · bˆ
†)− (bˆ†bˆ·)− (·bˆ†bˆ)}
+
γ
2
n¯m{2(bˆ
† · bˆ)− (bˆbˆ†·)− (·bˆbˆ†)}, (5)
respectively. Note that the superoperators act on the
density operator and the dot in the superoperators in-
dicate where the density operator is to be placed. For
typographical simplicity, it is convenient to make use of
the dot notation in the superoperators for obtaining the
solutions to the master equation and associated equa-
tions of motion [29]. Lo and Lm characterize the interac-
tion of the cavity field and the mechanical oscillator with
their associated reservoirs by accounting for absorption
and emission of quanta from the reservoirs. Here the
cavity field is damped by the optical bath with decay
rate κ, and the mechanical oscillator is dissipated to the
mechanical bath with decay rate γ. The thermal occu-
pation numbers of the mechanical bath and the optical
bath are denoted by n¯m = [exp(~ωm/kBTo) − 1]
−1 and
n¯o = [exp(~ωc/kBTm) − 1]
−1, respectively. Here, kB is
the Boltzmann constant while To and Tm are the tem-
peratures of the optical and mechanical heat baths, re-
spectively.
III. FORMALISM
This section discusses the dynamics of the optome-
chanical system under the influence of fluctuations and
noise in the quantum regime, along with the effective
dynamics of the cavity field in the reversed dissipation
regime.
A. Interaction picture in the weak coupling regime
For a cavity field that is externally driven by a classical
field, it is beneficial to introduce the unitary displacement
operator
Uˆ1 = e
(αaˆ†−α∗aˆ), (6)
with steady-state cavity field amplitude
α =
η
−i∆c + κ/2
. (7)
The master equation for the density operator ρ¯ = Uˆ †1 ρ˜Uˆ1
in the displaced picture thus becomes
dρ¯
dt
= (L′sys + Lo + Lm)ρ¯, (8)
where
L′sys = i
[
∆caˆ
†aˆ− ω′mbˆ
†bˆ + g
(2)
0 |α|
2(bˆ†2 + bˆ2)
−g
(2)
0 (α
∗aˆ+ αaˆ†)(bˆ† + bˆ)2 − g
(2)
0 aˆ
†aˆ(bˆ† + bˆ)2, ·
]
,
(9)
where ω′m = ωm+2g
(2)
0 |α|
2 is the shifted frequency of the
mechanical oscillator. The static mechanical frequency
shift, which is proportional to the cavity photon num-
ber, results in a significant modification of the stiffness
of the mechanical oscillator. Therefore we confine the
single-photon quadratic optomechanical coupling coeffi-
cient g
(2)
0 to be positive in order to avoid mechanical
instability as well as to retain a high mechanical qual-
ity factor. Throughout this paper we consider a stable
mechanical oscillator with a high quality factor in a har-
monic potential.
In a physically relevant regime in which the single-
photon optomechanical coupling coefficient between the
optical and mechanical resonator is small, and the
3FIG. 1. Magnitude of the steady-state cavity field amplitude
|α| as functions of cavity detuning ∆c and pumping rate |η|
normalized with mechanical frequency ωm. The thick solid
line indicates the resonance condition ∆c = −2ωc. The pa-
rameters we use are g
(2)
0 /ωm = 5× 10
−7, κ/ωm = 0.0025.
steady-state mean amplitude of the cavity field is large,
|α| ≫ 1, the effect due to the superoperator [g
(2)
0 aˆ
†aˆ(bˆ†+
bˆ)2, · ] can be negligible when describing the dynamics
of the density operator. This approximation allows us
to safely linearize the optomechanical interaction with
respect to the cavity field operators. Moreover, when
exploring the optomechanical system in the quantum
regime, we assume that the optomechanical system is
in the resolved-sideband limit (ω′m ≫ κ), and that the
external driving field is red-detuned by twice the shifted
mechanical frequency, ∆c = −2ω
′
m. This condition is
fulfilled when
∆3c + 2ωm∆
2
c +
κ2
4
∆c +
ωmκ
2
2
+ 4g
(2)
0 |η|
2 = 0. (10)
Figure 1 shows the solution of Eq. (10) along with
|α| as functions of cavity detuning ∆c and pumping
rate |η| according to Eq. (7), for the given parameters
g
(2)
0 /ωm = 5×10
−7, κ/ωm = 0.0025. As expected, larger
pumping rates increase the intracavity photon number
which, in turn, gives large frequency shifts to the mechan-
ical oscillator. Thus, the pump frequency would need to
be further away from the cavity resonance so as to sat-
isfy the resonance condition ∆c = −2ω
′
m. However, one
should keep in mind that large detunings decrease the in-
tracavity photon number due to the Lorentzian response
of the cavity field amplitude, Eq. (7). Therefore, it is
critical to find a valid parameter regime in which the res-
onance condition for the pump detuning, as well as the
large cavity field requirement (|α| ≫ 1) are simultane-
ously fulfilled.
Finally, by invoking the rotating-wave approximation
in the interaction picture achieved by the unitary oper-
ator Uˆ2 = e
i(∆caˆ
†aˆ−ω′
m
bˆ†bˆ)t, we are able to significantly
simplify the master equation as
dρ
dt
= (Lom + Lo + Lm)ρ, (11)
where ρ = Uˆ †2 ρ¯Uˆ2 and
Lom = −ig2[aˆ
†bˆ2 + bˆ†2aˆ, · ]. (12)
Here, we take α to be positive without loss of general-
ity and g2 = g
(2)
0 α is the field-amplified optomechanical
coupling strength. It should be noted that we have ne-
glected counter-rotating and off-resonant contributions
in the regime where g
(2)
0 |α|
2 ≪ ω′m. In other words, the
rotating-wave approximation validates itself if the static
frequency shift is much smaller than the bare mechanical
frequency. Therefore, under the rotating-wave approxi-
mation, the cavity field can have large amplitudes in the
weak-coupling and resolved-sideband regime. Note that
the superoperator Lom accounts for the mixing process
in which one photon in the cavity field is annihilated
(created) by the creation (destruction) of two phonons
in the mechanical resonator. This process is equivalent
to well-known corresponding mechanisms in a parametric
amplifier in the quantum regime [30].
B. Reduced density operator for the cavity field
In order to find the effective master equation for the
cavity field when the mechanical damping is the prevail-
ing source of dissipation, we proceed to eliminate the me-
chanical variables, resulting in a master equation for the
reduced density operator for the optical field. This tech-
nique is commonly used for eliminating the density opera-
tor for the pump mode of a parametric amplifier in quan-
tum optics and for the optical field in cavity QED [29, 31].
We first transform the density operator as
ρ′(t) = e−(Lo+Lm)tρ(t), (13)
and therefore the equation of motion of the transformed
density operator reads
dρ′
dt
= L′om(t)ρ
′, (14)
where L′om(t) = e
−(Lo+Lm)tLome
(Lo+Lm)t. Owing to
the fact that the two superoperators accounting for the
dissipative evolutions for the cavity and mechanical res-
onators commute, [Lo,Lm] = 0, L
′
om(t) can be explicitly
written as
L′om(t) = −ig2
(
O2(t)(bˆ
2·)′ + (bˆ†2·)′O1(t)−H.c.
)
,
(15)
where
(bˆ†2·)′ = e−Lmt(bˆ†2·)eLmt, (16)
(bˆ2·)′ = e−Lmt(bˆ2·)eLmt, (17)
O1(t) = (aˆ·)
′ = e−Lot(aˆ·)eLot, (18)
O2(t) = (aˆ
†·)′ = e−Lot(aˆ†·)eLot, (19)
4where we have factorized the superoperators, for exam-
ple, (aˆbˆ†2·)′ = (aˆ·)′(bˆ†2·)′. Notice that the primed super-
operators, such as (bˆ†2·)′, are explicitly time-dependent
while the unprimed superoperators, such as (bˆ†2·), are
time-independent.
Let us find the exact time-dependence of the superop-
erators involving the bosonic creation and annihilation
operators for the mechanics. Taking the time derivative
on both side of Eq. (16), we have
d
dt
(bˆ†2·)′ = −Lm(bˆ
†2·)′ + (bˆ†2·)′Lm =
[
(bˆ†2·)′,L′m
]
,
(20)
where in the second equality we have used the fact
that a superoperator commutes with any function of
it and thus Lm = L
′
m. In this fashion, one can
build the closed set of differential equations for ~B(t) =(
(bˆ†2·)′, (bˆ† · bˆ†)′, (·bˆ†2)′
)T
as
d
dt
~B(t) =M ~B(t), (21)
where
M =

γ(2n¯m + 1) −2γ(n¯m + 1) 0γn¯m 0 −γ(n¯m + 1)
0 2γn¯m −γ(2n¯m + 1)

 .
(22)
The solution to Eq. (21) can be obtained as
~B(t) = eMt ~B(0) ≡ S(t) ~B(0), (23)
where ~B(0) =
(
(bˆ†2·), (bˆ† · bˆ†), (·bˆ†2)
)T
. Noting that the
3 × 3 matrix S(t) is a real, one can find the exact time-
dependence of the superoperators in L′om involving the
bosonic creation and annihilation operators for the me-
chanics as
(bˆ†2·)′ = S11(t)(bˆ
†2·) + S12(t)(bˆ
† · bˆ†) + S13(t)(·bˆ
†2),
(24)
(bˆ2·)′ = S31(t)(·bˆ
2) + S32(t)(bˆ · bˆ) + S33(t)(bˆ
2·). (25)
Substituting Eq. (24) and (25) into Eq. (15) gives rise to
L′om(t) =− ig2
(
S11(t)O1(t)(bˆ
†2·) + S12(t)O1(t)(bˆ
† · bˆ†)
+ S13(t)O1(t)(·bˆ
†2) + S31(t)O2(t)(·bˆ
2)
+S32(t)O2(t)(bˆ · bˆ) + S33(t)O2(t)(bˆ
2·)−H.c.
)
(26)
Notice in Eq. (26), the mechanical superoperators do not
have time-dependence, the time-dependence of the op-
tomechanical coupling can be expressed with the optical
superoperators and the matrix S elements.
We are now in a position to formally solve Eq. (14)
and to derive the effective master equation for the cavity
field. The formal solution of Eq. (14) can be obtained as
ρ′(t) = ρ′(0) +
∫ t
0
dτL′om(τ)ρ
′(τ), (27)
and substituting the formal solution back into Eq. (14)
results in
dρ′
dt
= L′om(t)ρ
′(0) +
∫ t
0
dτL′om(t)L
′
om(τ)ρ
′(τ). (28)
Taking a partial trace over the Hilbert space for the me-
chanics brings about the effective master equation for the
reduced density operator for the optical field,
dρ′o
dt
= Trm{L
′
om(t)ρ
′(0)}+
∫ t
0
dτTrm{L
′
om(t)L
′
om(τ)ρ
′(τ)},
(29)
where ρ′o = Trm{ρ
′} is the reduced density operator for
the optical field and Trm{·} denotes partial trace over
the mechanical oscillator.
In the regime where mechanical damping is the dom-
inant source of dissipation, the state of the mechanics
tends to approach thermal equilibrium in a timescale of
1/γ. In this limit the density operator describing the op-
tomechanical system can be approximated as a product
state
ρ(t) ≈ ρo(t)⊗ ρm(t), (30)
where ρˆo is the reduced density operator for the cavity
field and ρˆm is the reduced density operator for the me-
chanics. On a timescale slower than 1/γ, the dynamics
of the optomechanical system can be solely represented
by that of the cavity field, whereas the dynamics of the
mechanical oscillator instantaneously follows that of the
cavity field due to the fast mechanical dissipation. Specif-
ically, the mechanical oscillator in thermal equilibrium
can be described in the basis of Fock states as,
ρm =
∞∑
n=0
n¯nm
(1 + n¯m)n+1
|n〉〈n|, (31)
where |n〉 are energy eigenstates of the free mechanical
Hamiltonian. Noting that ρ′(0) = ρ(0), one can find the
first term in the right-hand-side of Eq. (29) as
Trm{L
′
om(t)ρ
′(0)} = 0, (32)
due to the fact that all mechanical operators coupling
to the cavity field have zero mean in the thermal state,
i.e., Trm{bˆ
†2ρm} = Trm{bˆ
2ρm} = 0. However, the sec-
ond term in the right-hand-side of Eq. (29) has nonzero
contribution and can be written as∫ t
0
dτTrm{L
′
om(t)L
′
om(τ)ρ
′(τ)}
= g22
∫ t
0
dτ e−γ(t−τ)
{
2n¯2m(O
†
2(t)O2(τ) −O1(t)O2(τ))
+2(n¯m + 1)
2(O†1(t)O1(τ) −O2(t)O1(τ))
}
+H.c., (33)
where we have used the nonzero expectation values
Trm{bˆ
†2bˆ2ρm} = 2n¯
2
m ,Trm{bˆ
†bˆρm} = n¯m. Concern-
ing the dynamics of the optomechanical system on a
5timescale slower than 1/γ, the exponential function in
the time integral of Eq. (33) decays very rapidly so that,
in the adiabatic limit, it can be replaced with a δ-function
as
e−γ(t−τ) →
2
γ
δ(t− τ). (34)
This limit is equivalent to the Markov approximation in
that it eliminates memory effects on the optomechanical
system. Now, the time integral can be performed analyt-
ically to give
dρ′o
dt
=
4g22
γ
(n¯m + 1)
2e−Lot{2(aˆ · aˆ†)− (aˆ†aˆ·)− (·aˆ†aˆ)}ρo
+
4g22
γ
n¯2me
−Lot{2(aˆ† · aˆ)− (aˆaˆ†·)− (·aˆaˆ†)}ρo,
(35)
where we have made use of the product rules for the
superoperators, for example, (·aˆ)(aˆ†·) = (aˆ† · aˆ). Trans-
forming the density operator back to the displaced frame,
ρ¯o = Uˆ2e
Lotρ′oUˆ
†, we arrive at the effective master equa-
tion for the reduced density operator for the cavity field
dρ¯o
dt
=i∆c[aˆ
†aˆ, ρ¯o] +
De
2
(2aˆρ¯oaˆ
† − aˆ†aˆρ¯o − ρ¯oaˆ
†aˆ)
+
Da
2
(2aˆ†ρ¯oaˆ− aˆaˆ
†ρ¯o − ρ¯oaˆaˆ
†), (36)
where the emission coefficient De and the absorption co-
efficient Da are given by
De = κ(n¯o + 1) +
8g22
γ
(n¯m + 1)
2, (37)
Da = κn¯o +
8g22
γ
n¯2m. (38)
The derivation of Eq. (36) which describes the dynamics
of the optomechanical system in the reversed dissipation
regime is the main result of this paper. Note that the cav-
ity field in this expression is coupled to two independent
reservoirs: the intrinsic optical reservoir and an effective
reservoir originating from the mechanical reservoir. In
contrast to the dynamics in the normal dissipation regime
where the optomechanical interaction provides an effec-
tive optical bath to the mechanical oscillator with cou-
pling rate g2/κ, Eq. (36) shows that an effective mechan-
ical reservoir is in contact with the cavity field with the
coupling rate depending on g2/γ in the reversed dissipa-
tion regime. In addition, it is by virtue of the quadratic
optomechanical coupling that the coupling strength be-
tween the cavity field and the mechanical reservoir relies
on the thermal occupation number of the mechanics.
It is noteworthy to understand that the quadratic op-
tomechanical interaction in the rotating-wave approxi-
mation,Hom = ~g2(aˆbˆ
†2+bˆ2aˆ†), is quadratic with respect
to the mechanical operators while being linear in terms of
the cavity operators. This discrepancy leads to a differ-
ence in how the system couples to its effective reservoir in
normal and reversed dissipation regimes. The adiabatic
elimination of the optical variable, valid in the normal
dissipation regime (κ ≫ γ), makes the mechanical os-
cillator experience two-phonon absorption and emission
processes with the optical reservoir [32]. On the other
hand, for the case of adiabatic elimination of the me-
chanical variable, valid in the reversed dissipation regime
(γ ≫ κ), the cavity experiences one photon emission and
absorption processes with the mechanical reservoir.
IV. RESULTS
It is well known that master equations with the form
of Eq. (36) are exactly solvable [28]. Therefore all solu-
tions at arbitrary times can be obtained analytically. For
example, the equation of motion for the mean amplitude
of the cavity field at time t is given by
d
dt
〈aˆ(t)〉 =
(
i∆c −
κeff
2
)
〈aˆ(t)〉, (39)
where we have, for typographical simplicity, defined the
effective field decay rate as
κeff ≡ De −Da = κ [1 + C2(2n¯m + 1)] . (40)
Here, C2 =
8g2
2
γκ
is the quadratic optomechanical coop-
erativity which is a measure of how strong the optome-
chanical system is coupled with respect to the two decay
channels, i.e., optical and mechanical. Eq. (40) describes
a broadening of the cavity linewidth due to the thermal
and quantum fluctuations of the mechanical oscillator.
Even when the mechanical bath is in zero temperature,
the quantum fluctuations of the mechanics broadens the
cavity linewidth by an amount of κC2 =
8g2
2
γ
. The added
contribution of the thermal noise of the mechanics on the
cavity linewidth broadening is proportional to the mean
phonon number of the mechanics.
The equation of motion for the mean photon number
is also given by
d
dt
〈aˆ†(t)aˆ(t)〉 = −κeff〈aˆ
†(t)aˆ(t)〉 +Da. (41)
Setting the left-hand-side of Eq. (41) to zero, one can
find the steady-state mean photon number of the cavity
field as
n¯ss =
Da
κeff
=
n¯o
1 + C2(2n¯m + 1)
+
C2n¯
2
m
1 + C2(2n¯m + 1)
. (42)
Notice that the first term of Eq. (42) decreases mono-
tonically while the second term increases monotonically
with increasing n¯m. The steady-state mean photon num-
ber becomes minimum when the mean phonon number
of the mechanical oscillator is
n¯sm =
−1− C2 +
√
(1 + C2)2 + 4C2n¯o
2C2
. (43)
6FIG. 2. Steady-state mean photon number of the cavity field
as functions of the mean phonon number of the mechanical os-
cillator and the quadratic optomechanical cooperativity when
n¯o = 1.0.
Figure 2 shows the steady-state mean photon number of
the cavity field as functions of the mean phonon num-
ber of the mechanical heat bath as well as the quadratic
optomechanical cooperativity. Interestingly, if the mean
phonon number of the mechanical heat bath is equal to
the critical value defined as
n¯cm = n¯o +
√
n¯o(1 + n¯o), (44)
the steady-state mean photon number of the cavity field
is equal to that of the optical bath, n¯ss = n¯o, independent
of the optomechanical cooperativity. Furthermore, the
cavity field in the steady state is being heated when n¯m >
n¯cm and cooled when n¯m < n¯
c
m. It should also be noted
that the unity inside the square root in the right-hand-
side of Eq. (44) is due to the quantum nature of the
mechanical oscillator.
Beyond the benefits of cooling a quantum system via
reservoir engineering, a possible application of this sys-
tem is for evaluating the temperature of the mechanical
oscillator through linewidth measurement of the cavity
field noise spectrum. The noise spectrum of the cavity
field can be obtained by taking the Fourier transform
of the two-time correlation function of the cavity field
〈aˆ†(t + τ)aˆ(t)〉 in the long-time limit for t [33]. In the
limit where the quantum noise is wide-sense-stationary,
the noise spectrum of the cavity field is given by [34]
S(ω) =
1
π
Re
∫ ∞
0
dτ eiωτ 〈aˆ†(t+ τ)aˆ(t)〉ss, (45)
where ss indicates the fact that the cavity field is in
steady-state. Now that Eq. (39) is a linear differential
FIG. 3. Noise spectra of the cavity field for several represen-
tative mean phonon numbers of the mechanics: n¯m = 0 (blue
dashed curve), n¯m = 0.5 (green dot-dashed curve), n¯m =
2.414 (orange dotted curve), and n¯m = 3.6 (red solid curve).
Other parameters are κ/ω′
m
= 0.0025, n¯o = 1.0, C2 = 1.0.
The inset shows a plot of n¯ss as a function of n¯m for the pa-
rameters n¯o = 1.0, C2 = 1.0, describing the temperature of
the cavity field with respect to that of the mechanical bath.
equation for the field amplitude, one can make use of the
quantum regression formula [29] to write
d
dτ
〈aˆ†(t+τ)aˆ(t)〉 =
(
−i∆c −
κeff
2
)
〈aˆ†(t+τ)aˆ(t)〉. (46)
Substituting the formal solution of Eq. (46) in the long
time limit for t into Eq. (45) gives the noise spectrum of
the cavity field
S(ω) =
n¯ss
π
κeff/2
(∆c − ω)2 + κ2eff/4
. (47)
Notice that the field correlation function decays exponen-
tially with τ and that the noise spectrum is a Lorentzian
distribution centered at ω = ∆c = −2ω
′
m with full-width
κeff . Figure 3 shows the noise spectrum of the cavity
field for a sample of representative mean phonon num-
bers of the mechanical oscillator. For simplicity, we as-
sume that n¯o = 1.0, C2 = 1.0 which result in n¯
s
m = 0.414,
n¯cm = 2.414.
The broadening of the noise spectrum of the cavity
field indicates the increase of the effective decay rate
of the cavity field according to Eq. (40) : κeff/ω
′
m =
0.005 (blue dashed curve), κeff/ω
′
m = 0.0075 (green dot-
ted curve), κeff/ω
′
m = 0.017 (orange dot-dashed curve),
κeff/ω
′
m = 0.023 (red solid curve). It should be noted
that the cavity linewidth is still broadened for the lim-
iting case of a zero temperature mechanical reservoir,
due to the quantum noise of the mechanics (blue dashed
curve). To this end, the measurement of the noise spec-
trum, specifically, the broadening of the noise spectrum
of the cavity field, allows one to estimate the temperature
of the mechanical oscillator. Keeping in mind that the
area under the noise spectrum of the cavity field is the
same as the mean photon number of the cavity field [28],
7it is evident that the cavity field is cooled to a lower
temperature when n¯m = 0.5 (green dot-dashed curve)
than when n¯m = 0 (blue dashed curve). This behavior
is depicted in the inset of Figure 3 where we plot the
steady-state mean cavity photon number with respect to
the thermal occupation number of the mechanical bath.
Finally, we remark that the cavity field described by
the master equation of the form of Eq. (36) approaches a
thermal mixture with the second-order correlation func-
tion g(2)(0) ≡ 〈aˆ†2(t)aˆ2(t)〉ss/n¯
2
ss = 2.
A. Comparison with the linear optomechanical
system in the reversed dissipation regime
In this subsection, we compare the behavior of the
quadratic optomechanical system discussed above with
that of a linear optomechanical system where the po-
sition of a mechanical oscillator linearly modifies the
frequency of the cavity field in the reversed dissipation
regime [23, 24].
One can exploit the same procedure for obtaining the
effective master equation derived in the sections above.
As expected, the master equation for the reduced den-
sity operator for the cavity field is of the form Eq. (36)
with corresponding emission D
(L)
e and absorption D
(L)
a
coefficients1
D(L)e = κ(n¯o + 1) +
4g21
γ
(n¯m + 1), (48)
D(L)a = κn¯o +
4g21
γ
n¯m, (49)
where g1 is the field-amplified optomechanical strength
when the optomechanical system is operated in the
resolved-sideband limit and the external pump is red-
detuned by the mechanical frequency from the cavity
resonance. In this case, the cavity linewidth can be ex-
pressed by
κ
(L)
eff = κ (1 + C1) , (50)
where C1 =
4g2
1
γκ
is the linear optomechanical cooperativ-
ity. In contrast to the case of quadratic coupling, the
effective decay rate of the cavity field for linear coupling
does not involve the mean phonon number of the mechan-
ical oscillator. This fact indicates that the thermal noise
of the mechanics does not play a role in broadening the
cavity linewidth. Rather, the cavity linewidth is broad-
ened by increasing the optomechanical coupling strength
g1 and the mechanical damping rate γ. We plot the cav-
ity field decay rate as a function of the mean phonon num-
ber of the mechanics for both linear and quadratic op-
tomechanical systems in Figure 4. Most notably, the cav-
ity field linewidth for the linear optomechanics (red line)
is constant with respect to n¯m, while that for quadratic
optomechanics (blue lines) increases proportionally to n¯m
with a rate of increase determined by the cooperativity
C2.
FIG. 4. Effective decay rate of the cavity field coupled to
the mechanics linearly (red solid line) and quadratically (blue
lines) as a function of the mean phonon number of the me-
chanics. For the linear coupling, we have used C1 = 1.0 and
for the quadratic coupling, we have used C2 = 0.1 (blue dot-
dashed line), C2 = 0.5 (blue dashed line), C2 = 1.0 (blue
dotted line).
In the same manner, one can also find the mean photon
number in the steady-state as
n¯(L)ss =
D
(L)
a
κ
(L)
eff
=
n¯o
1 + C1
+
C1n¯m
1 + C1
, (51)
Notice that the first term of Eq. (51) is constant in the
mean phonon number of the mechanics while the second
term increases monotonically with increasing n¯m. It fol-
lows that the steady-state mean photon number becomes
minimum when the mechanical oscillator is in contact
with a reservoir at zero temperature, n¯sm = 0. For lin-
ear optomechanics, as expected, the steady-state mean
photon number of the cavity field is equal to the mean
photon number of the optical bath, irregardless of the
optomechanical cooperativity, namely n¯
(L)
ss = n¯o, when
the mean phonon number of the mechanical heat bath is
n¯cm = n¯o. (52)
As usual, the cavity field in the steady state is always
cooled (heated) when n¯m < n¯
c
m (n¯m > n¯
c
m). This behav-
ior is illustrated in Figure 5 which should be compared to
the quadratically coupled case shown in Figure 2. Note
that in the case where the mechanics is in a reservoir at
zero temperature in the reversed dissipation regime, the
absorption and emission coefficients have the same de-
pendence on their respective cooperativity for linear and
quadratic coupling.
Finally, the noise spectrum of the cavity field in this
case is also Lorentzian of the form of Eq. (47) with re-
placements κeff with κ
(L)
eff and n¯ss with n¯
(L)
ss . As expected,
there is no broadening in the noise spectra with respect
to the thermal occupation of the mechanics, but the area
under the spectrum, i.e., the mean photon number in-
creases with n¯m.
8FIG. 5. Steady-state mean photon number of the cavity field
coupled to the mechanics via the linear coupling. It is func-
tions of the mean phonon number of the mechanical oscillator
and the linear optomechanical cooperativity. The parameter
we have used is n¯o = 1.0.
V. CONCLUSIONS
We have theoretically examined the cavity electromag-
netic field of an optomechanical resonator coupled to a
mechanical reservoir with the mechanical damping rate
much larger than the cavity field dissipation rate. In
this reversed dissipation regime, we obtain analytic so-
lutions to the steady-state mean photon number of the
cavity field along with a description for the noise spectra.
The parameter conditions for cooling the cavity field with
the mechanical oscillator is presented particularly when
the optomechanical interaction is nonlinear, quadratic.
The results show that cooling of the cavity field can be
enhanced with quadratic interaction at play, compared
to the typical linear optomechanical interaction, within
some regions in parameter space. By observing the cav-
ity noise spectra for both linear and quadratic optome-
chanical interactions we have shown that the later display
linewidths depending on the mean phonon number of the
mechanics, demonstrating potential applications for pre-
cision thermometry [35]. Notably, the theory explored
in this paper can be applied to cavity fields in both mi-
crowave and optical regimes. Optomechanical devices in
the reversed dissipation regime with optical cavity pho-
tons have not yet been demonstrated to our knowledge.
However, optomechanical cooling has been experimen-
tally shown with optical fields [10], and this capability
gives rise to opening additional dissipation channels for
the mechanical oscillator. By implementing a secondary
optical cavity field with a small energy decay rate [23],
the resultant optomechanical system can reside in the
reversed dissipation regime providing possibilities to ex-
hibit behavior presented in this paper.
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